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Abstract. Describing systems through the specification of different views
is a well accepted practice in modern software engineering. In this paper

we show how to reason across behavioral specifications within a rela-

tional framework. We consider views specifying behavioral information

using linear temporal logic or dynamic logic. The main result is that in-

dependently generated specifications can be amalgamated within a com-

mon relational framework to which different analysis techniques can be

applied. The paper also presents a realistic problem for which behav-

ioral specifications in dyamic logic and linear temporal logic are jointly

employed in the proof of a non trivial property.

1 Introduction

Describing systems through the specification of its different views is a well ac-
cepted practice in modern software engineering. Modeling languages such as
UML [1], Syntropy [2], or Catalysis [3], use different views in order to describe
different concerns. For instance, it is a common practice to separate static (or
structural information) from dynamic (or behavioral) information. In this paper
we will concentrate on relating seemengly unrelated behavioral specifications. In
order to emphasize this “unrelatedness”, we will assume that views are specified
using different behavioral specification formalisms. We could use formalisms such
as dynamic logic (propositional or first-order) [4], temporal logic (propositional
or first-order) [5], temporal logic of actions [6], or modal action logic [7]. For the
sake of simplicity we remain within the propositional realm, although the results
presented in this work can be easily extended to a first order setting. This se-
lection was done taking into account that one logic has a state-based semantics,
while the other has a trace-based semantics.
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Reasoning across different logics can be done in different ways. For instance,
for the specific case of dynamic and linear temporal logics, the logic DLTL (Dy-
namic Linear Temporal Logic) was presented in [8]. Actually, DLTL is not as
expressive as both logics put together, but includes significant features from both
logics. Nevertheless, it is not our goal to define a mega-logic extending all the
formalisms that might be usefull towards software specification, but rather to
interpret these formalisms into an adequate relational formalism. Another frame-
work that was conceived with the intention of reasoning across logical systems
is that of institutions [9]. In [10] it is presented a intitution based approach to
reasoning across dynamic and linear temporal logics. The main concept there,
is that of synchronization. Essentially, a new logic is defined whose models are
pairs of models from each constituent logic. These pairs are constrained by syn-
chronization rules. We found that approach too restrictive, in that reasoning
across logics requires on the logics engineer a complete grasping of the way both
logics get interwoven. In [11], work related to ours is presented, where formulas
from one logic are translated to formulas from the other under a certain set of
locality conditions that are required in order to guarantee that deductions from
one formalism are preserved in the other. Usually one logic is recognized as more
expressive and is therefore the target to which the other logic gets translated.
This is then extended in a way that a resulting formalism is built, to which
the original logics are translated. In our approach we use a common unifying
formalism (an extension of the relational calculus [12]) as the target formalism.
Locality conditions are often captured by simple equations added at the rela-
tional level. The translations are semantics preserving mappings from logical
formulas to relational terms.

Our approach is based on existing work on relational algebraization of logics
[13]. A relational algebraization of a logic £ consists on a semantics-preserving
mapping T : Formulas; — RelTerms mapping L-formulas to relational terms.
Relation algebras are extensions of Boolean algebras and, as such, they have a
largest (according to the Boolean ordering) element 1. Then, semantics-preservation
is characterized by the following condition:

for all I' U {a} C Formulas,,
'Era <= {Tg(v)=1:vel'} FggTe(a) =1.

Several logics have already been relationally algebraized to different exten-
sions of the relational calculus. Among these, Dynamic logic (both propositional
and first-order) [14,15], linear temporal logic (both propositional and first-order)
[16,17], and classical first-order logic with equality [18] are among the logical sys-
tems studied already.

This paper contains two main contributions. First, we show how to reason
across dynamic and linear temporal specifications with no need of mixing those
concepts that underlay each logic. We prove that every property expressible in
the logic DLTL that semantically follows from dynamic specification I'; and lin-
ear temporal specification I, can be equationally proved from the translations



of I't and I's. Second, we present a realistic case-study of a system whose atomic
actions are specified in dynamic logic, and whose temporal constrains are spec-
ified in linear temporal logic. We then prove that the system behaves properly
under all possible executions.

2 The Specification Formalisms

Formal specification languages usually mix a logic (from which syntax and se-
mantics for axioms is derived) with different structuring mechanisms that allow
a requirements engineer to build more complex specifications from simpler ones.
Since adopting particular structuring mechanisms would demand tayloring our
results to these, we will assume that a specification is just a theory presentation
in a given logic, i.e., a signature presenting what are the extralogical symbols
that will be used in the specification, as well as a finite set of axioms describing
their meaning.

In this paper we will deal with three logics, namely, propositional dynamic
logic, linear temporal logic, and dynamic linear temporal logic. Although all the
developments carried on in this paper are valid for first-order versions of these
logics, in order to simplify the presentation we will stick to the propositional
case.

Propositional Dynamic Logic: The syntax and semantics of propositional dy-
namic logic (PDL for short) can be found in [4]. PDL is a formalism for reasoning
about actions (that can be interpreted as programs).

A PDL signature is a pair (A4, P) where A = {a;};c4 is a set of action symbols
(atomic programs), and P = {p;},cp are the atomic propositions.

The semantics of PDL is defined on a structure K = (S, mg) where S is a set
of elements called states and mg is a meaning function assigning a subset of .S
to each atomic proposition and a binary relation on S to each program.

Linear Temporal Logic: The linear temporal logic LTL [19] is defined over a set
of atomic propositions P = {p; }icp.

The semantics of LTL formulas is also defined over a Kripke structure K of
the form (S, T, So, P, L), where S is the set of states, T C S x S is the transition
relation, Sy C S is the set of initial states, P is the set of atomic propositions,
and L : S — P (P) is the labelling function that maps every state to a subset of
atomic propositions. The transition relation T is assumed to be complete; that
is, every state has at least one successor.

Given a Kripke structure K, the set of paths of K is denoted Ax. A path
s € Ak is a infinite sequence $g, $1,... such that s; € S and (s;, s;41) € T for
all i > 0. We denote by s’ the suffix of s starting at position i. Similarly, we
denote by s; the ¢-th state in the path s.

Dynamic Linear Time Temporal Logic: Dynamic linear time temporal logic
(DLTL for short) [8] is an extension of LTL. The basic idea is to strengthen
the until modality by indexing it with PDL test free programs.



Given a signature X = (A, P), where A = {a;}ic.a is a set of atomic action
symbols and P = {p;};cp is a set of proposition symbols. The set of programs
of DLTL is denoted as PrgDLTL.

DLTL semantics is defined over a structure K = (S, {A;}ica, So, P, L) where
the family of binary relations A; C S x S gives semantics to atomic actions, and
KETL = (8,U;e4 Ai So, P, L) is a Kripke structure for LTL. In the same way,
we define A with T'= (J;c 4 A

3 Omega Closure Fork Algebras

Fork algebras [20] are described through a few equational axioms. The intended
models of these axioms are structures called proper fork algebras, in which the
domain is a set of binary relations (on some base set, let us say B), closed under
union, intersection, complement, transposition, composition and fork (denoted
as V); and containing the constants (§ (the empty relation), 1 (the universal
relation on B) and Id (the identity relation on B).

Finally, the binary operation fork requires the base set B to be closed under
a injective function x. This means that there are elements x in B that are the
result of applying the function * to elements y and z. Since * is injective, =
can be seen as an encoding of the pair (y, z). The application of fork to binary
relations R and S is denoted by RV S, and its definition is given by:

RV S ={{(a,bxc):{a,b) € Rand (a,c) €S} .

Closure fork algebras are then obtained from fork algebras by adding reflexive—
transitive closure, which, for a binary relation r, is denoted by 7*.

A calculus characterizing the class of proper closure fork algebras can be
found in [15]. From now on we will refer to this calculus as FRL.

It is relatively straightforward to prove that proper closure fork algebras are
among the models of FRL, since they satisfy the axioms. On the other hand, as
it was proved in [15] (which heavily relies on [21]), if a model is not a proper
closure fork algebra then it is isomorphic to one.

4 Interpretability Results

In [22], an extension of FRL is defined to interprete DLTL logic into fork al-
gebras. In the next sections, we will use this extension (namely FRLT) as an
amalgamating formalism to reason across the PDL, LTL and DLTL.

We define FRLT by adding the constants S (states), {Ai}ica (atomic ac-
tions), {P;};ep (propositions), tr (traces), T (transition relation) an Sg (initial
states) and axioms characterizing their behaviour.

Semantics preserving translations from PDL and LTL formulas to fork algebra
terms were presented in [14] and [16] respectively.



The translation Tprrr [22] mapping formulas from DLTL to fork algebra
terms, is defined inductively as follows:

Tprrr (pi) =m;P; ,forallieP
Tprrr (—a) = tr;Tprrr (@)
Tprrr (A B)=Tprrr (@) UIprrr (B)
Tprre (a U B) = Mprri(a, P);Tprrr (B)

Mprrr(a,a;) = Dom (Tprrr (@) ;Ran (nV (A;j®p)) ;p , foralli e A

)
Mprrr(a,R*) = (Mprri(a, R))"
Mprri(a, RUS) = Mprri(a, R)UMprrr(a,S)
Mprri(e,R;S) = Mprro(o, R); Mprrr(e, S)

Theorem 41 ([22] DLTL Interpretability) For all I'U{a} C ForDLTL, we
have that,

I Eprrr « iff
{tro;TDLTL (’)’) = tl‘o;l Ly € F} }_FRL"' tr0§TDLTL (a) = tI‘g;l ’

5 Reasoning Across Behavioral Specifications: The
General Result

As we did with LTL, any DLTL Kripke structure can be seen as a PDL model.
Let K = (S, {A;}ica,S0, P,L) be a structure of DLTL, we define KPL as the
structure:

KPDL _ <S7 m>

where m(a;) = A; for all i € A, and m(p;) = L(p;) for all i € P.
Theorem 51 Let It C ForPDL, Iy C ForLTL and v € ForDLTL. Then,
for all DLTL Kripke structure K :

If KPPY eppr Iy and K" =ppp Iy, then K =prrn v

1s equivalent to the following equational reasoning:

S;Tppr(a) =8;1, forallaw € I

tro;Trrr(B) = tro;1, for all B € I
FFrL+

tro;Tprrr () = tro;1



6 Reasoning Across Behavioral Specifications: The
Case-Study

In this section we will present a case-study of verification of properties using
FRLT. This case-study shows a mobile system where a user interacts with it
while on the road. Think for instance of a tourist with his PDA' in a city,
interacting with a server through a wireless connection.

Both user and server can trigger actions (i.e.: requesting information, serving
enqueued requests, etc.). Actions might lead to a transition between different
system states. Such behaviour can be formalized by stating a precondition and
a postcondition for each atomic action using PDL formulas of the form:

pre; = [act;|post;

where pre; and post; are the precondition and postcondition of the action act;.

Then we would like to capture the fact that the validity of certain linear tem-
poral property I is preserved by execution of every atomic action. This behaviour
is stated by formulas of the form:

O((pre; A I) = ®(post; = I))

again, considering that pre; and post; are the precondition and postcondition of
the action act;.

Finally, we could like to prove that every test free program in the regular
language generated by the set of atomic actions preserves the validity of the
linear temporal property I. In other words, we would like to prove that for all
R test free program the following formula holds:

(true U? true) = (I = T U® I)

7 Conclusions and Further Work

We have presented a interpretability result for the dynamic linear temporal logic
(DLTL). Also, we proposed a relational framework (FRL™) to reason across PDL,
LTL and DLTL, and proved that it is equivalent to reason within the semantics
of the logics and the proposed relational calculus.

We use this framework to verify a non trivial property that combines both
dynamic and linear temporal concepts. Finally, we present a realistic problem in
which such reasoning is relevant.
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