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??

Dierence Bound Matrices (DBMs) are the most commonly
used data structure for model checking timed automata. Since long they
are being used in successful tools like Kronos or UPPAAL.
As DBMs represent convex polyhedra in an n-dimensional space, this
paper explores the idea of using its hypervolume as the basis for two
optimization techniques. One of them is very simple to implement. The
other, an improvement over the rst, requires more involved programming. Each of them saves verication time (up to 19% in our case studies), with a modest increase of memory requirements. Their impact diers
among the dierent case studies but, as they can be combined, there is
no need to choose a priori.
Abstract.

1

Introduction

In current days timed systems are both pervasive and critical, ranging from
embedded and PDAs to plant and ight controllers. Their complexity is ever
increasing so unassisted ways of verifying them make sense. Automated methods,
however, are known to suer from scalability problems: their time and memory
requirements grow exponentially as systems increase in size. This is why any
technique that can palliate such problems can be useful.
We focus on model checking of timed automata [1], an extension of nite
automata with the possibility to model dense time. Many model checking property validation problems can be reduced to forward reachability [2], that is, an
exploration of the model starting by its initial state and trying to nd a state
tagged with a particular boolean property, called it

p.

The basic (conceptual)

procedure is straight forward: insert the initial state in the
initialize an empty
?
??

Visited

set. Then, while

Pending

Pending

queue and

is not empty, take its next
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state and check whether the property
result, otherwise, put it in

Visited ,

p holds for it. If it does, nish with a YES

compute its (timed) successors (one for each

outgoing transition). To ensure termination, before putting them in
should be checked that they are not

included

Pending , it
Visited .

in any other state from

In an untimed exploration the check would be simpler: is the same state already

present

in

Visited ?

In the timed (symbolic) framework, clocks values conform

multi-dimensional polyhedra. As such, if a new state is included in an already
explored one there is no point in revisiting it, even if it is not exactly equal.
Some more detail on the reachability procedure is presented in Fig. 1, on page 5.
From the outline of the reachability algorithm it should be clear that the
inclusion operation between polyhedra is a critical one, being responsible for an
important fraction of the total running time. As such, nding ways to speed it
up is always a good idea.
Although many optimizations have been developed (see, for example, [39]),
the inclusion checking operation, although linear in many cases, has a worst
case of

O(n2 )

where

n

is the number of clocks in the system. In this article we

focus on the hypervolume of the above mentioned polyhedra. If it could be easily

O(1) check could be performed prior to the expensive inclusion
hypervolume(A) > hypervolume(B) it is impossible for A to be
B . Of course, if the hypervolume of A is less or equal to B 's, then A

computed, an
algorithm: if
included in

can be included or not, and the full check needs to be performed.
Computing exact hypervolume for

n-dimensional

polyhedra is a known hard

problem, but luckily with the traditional data structures used for timed model
checking (Dierence Bound Matrices) an approximation can be computed very
cheaply. This approximation is safe, in the sense that the observations from the
previous paragraph still hold (Theorem 1 expresses the property formally). A
related idea might be comparing the bounding box in each dimension. It has the
advantage of being less suceptible to overow (see Section 3.2), but that would
require

O(n)

extra storage and comparisons, instead of

O(1).

We take advantage of the hypervolume approximation in two ways: rstly,
inclusion checks are avoided in the sense of the preceding paragraphs. Secondly,
the

Visited

set is ordered by (approximate) hypervolume. In this way, it is not

necessary to check a new state against the complete set, but only against the
states that have a bigger (approximate) hypervolume, saving an important number of inclusion checks (see Section 4).
Neither technique increments the number of visited states. They can be used
independently and obtain interesting speedups. Some models benet more with
one of them, and some with the others, with acceleration of up to 19% in our
experiments. They can also be combined, although the speedups are not additive,
because there is some mutual cancelation. The good news is that there is no need
to speculate on which one to use, because using both is generally as good as using
the best of them.
Further, we explain why it doesn't makes sense to order also
hypervolume.

Pending

by its

Although the idea of approximations is not new (see, for instance the convexhull abstraction at [10]), they generally lead to approximated answers also (i.e.,
they might state with certainty that the property is not reached, or that it might
or not be reached). Ours, however, gives exact answers.
The rest of the article is structured as follows: Section 2 gives the basic background on the timed automata formalism and related denitions. The following
section presents the details of the proposed techniques. In Section 4 empirical
evidence, based on known case studies from the literature, is presented. After
that, Section 5 discusses future work and concludes the article.

2

Background

Timed automata [1] are a widely used formalism to model and analyze timed systems. They are supported by several tools such as

Kronos [11] or UPPAAL [12].

Their semantics are based on labeled state-transition systems and time-divergent
runs over them. Here we present their basic notions and refer the reader to [1,
11] for a complete formal presentation.

Denition 1 (Timed automaton). A timed automaton (TA) is a tuple A =
hL, X, Σ, E, I, l0 i,

where L is a nite set of locations, X is a nite set of clocks
(non-negative real variables), Σ is a set of labels, E is a nite set of edges,
tot
I : L → ΨX is a total function associating to each location a clock constraint
called the location's invariant, and l0 ∈ L is the initial location. Each edge in
E is a tuple hl, a, ψ, α, l0 i, where l ∈ L is the source location, l0 ∈ L is the
target location, a ∈ Σ is the label, ψ ∈ ΨX is the guard, α ⊆ X is the set of
clocks reset at the edge. The set of clock constraints ΨX for a set of clocks X
is dened according to the following grammar: ΨX 3 ψ ::= x ∼ c|ψ ∧ ψ, where
x ∈ X, ∼∈ {<, ≤, =, >, ≥} (although invariants restrict ∼ to {<, ≤}) and c ∈ IN.
Usually, a TA

A

P r : L 7→ 2P rops which assigns to
P rops.
TAs A1 and A2 is dened using a

has an associated mapping

each location a subset of propositional variables from the set
The parallel composition

A1 k A2

of

label-synchronized product of automata [1, 11]. At any time, the

state

of the

system is determined by the location and the values of clocks, which must satisfy
the location invariant. The system can evolve in two dierent ways: either an
enabled transition is taken, changing the location and (maybe) resetting some
clocks while the others keep their values unaltered (a discrete step), or it may
let some amount of time pass (a timed step). In the last case the system remains
in the same location and all clocks increase according to the elapsed time, while
still satisfying the location invariant.
To model a complex system, an automaton can be expressed as the parallel
composition of the automata representing each component. A location of the obtained automaton, called

global location

or

composed automata node, is a tuple

consisting of a location of each component. Similarly, a state of the automaton (

global state )

is a global location plus the values of all clocks. Such sets of

automata are usually called

a network.

Denition 2 (Clock valuations). A

valuation is a total function from the
clock set X into IR+ (i.e., the reading of each clock in a particular moment).
tot
The valuation set over X , VX is dened as {v : X →
IR+ }. For each v ∈ VX and
+
δ ∈ IR , v + δ stands for the valuation dened as (∀x ∈ X)(v + δ)(x) = v(x) + δ .
To deal with innite state manipulation, convex sets of clock valuations
are symbolically represented as conjunctions of inequalities (e.g.,

x − y > 8).

1≤x≤5∧

Each of these conjunction represents a convex set of points, and

is referred to as a

zone.

A data structure called Dierence Bound Matrices

(DBM) [13] is typically used to manipulate such kind of information.

Denition 3 (Dierence Bound Matrices). DBMs are

matrices,
where n is the number of clocks in the system. Diagonal cells are void, but all the
others contain a tuple h≺, ci called bound, where ≺ ∈ {<, ≤} and c ∈ Z ∪ {∞}.
If in a DBM M cell (i, j) (noted M [i, j]) contains h≺, ci it means that xi −xj ≺ c,
where xi and xj are the i-th and j -th clocks in the system (counting 0 as a special
clock, used to express xi ≺ c as xi − 0 ≺ c). The only valid use of ∞ in a cell is
to mean that the dierence of two clocks is unbounded. I.e., xi − xj < ∞.
Although a zone can be represented by a DBM, we will abuse both terms
using them interchangeably when there is no confusion.
(n + 1)2

During the reachability algorithm (see Fig. 1), states are represented by a
pair

(l, z)

where

l

is a location and

set is computed by the

suc .

z

a timed zone. Given a state, the successor

operator, which is dened as follows:

suc . (l, z) = {(l0 , z 0 )/ hl, a, ψ, α, l0 i ∈ E ∧ z 0 = suc τ (reset α (z ∩ ψ)) ∩ I(l0 )}
Where

reset α

means putting the clocks in

replacing the constraints of the form
intact. To avoid clutter, calls to

cf ,

x ≺ c

the

by

α to zero and suc τ (ψ) means
x < ∞ while leaving the rest

canonical form

function, are not shown.

It expresses every constraint as tight as possible (see, for instance, [14], for the
details) and should be called after intersection, reset and

suc τ .

Not every constraint needs to be present for all the operations. Actually,
a reduced version of the constraint systems can be used for most operations,
thus saving memory [15]. In practice, most tools use a variation of DBMs, called

Minimal Constraint Representation, which employs that idea. As these DBMs are

sparse, they are not stored like proper matrices, but as a linked list of constraints,
in order to save space. This minimal representation sets the context of this article.
The classical algorithm for inclusion checking in such data structure is shown
in Fig. 2. It expects the rst zone to be in canonical form and the second one to
be

minimized, i.e., as the above mentioned Minimal Constraint Representation.

If a dierent representation was chosen for the DBMs, the algorithms would
change importantly.
This algorithm is easily generalized to check if a zone is included in a set of
zones (IsIncludedInSet).

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

ForwardReach(Property φ)
Visited ← ∅
Pending ← {(l0 , z0 )}
while Pending 6= ∅ do
(l, z) ← next(Pending )
Add((l, z), Visited )
if (l, z) |= φ then return YES

function

end if

S
Zl ← (l,z0 )∈(Visited∪Pending) z 0
0
0
for (l , z ) ∈ suc . (l, z) do
0
if ¬ IsIncludedInSet(z , Zl )
Add((l0 , z 0 ), Pending )
end if
00
if ∃z ∈

Pending l / IsIncluded(z 00 , z 0 )
Delete((l0 , z 00 ), Pending )

then

end if
end for
end while
return

NO

end function

Fig. 1.

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

then

Forward reachability algorithm.

IsIncluded(DBM z1 , z2 )
// Require: z1 is in canonical form, z2 is minimized.
for i = 0 to #clocks do
for j = 0 to #clocks do
if i 6= j ∧ ¬(z1 [i, j] ≤ z2 [i, j]) then
return NO

function

end if
end for
end for
return

YES

end function

Fig. 2.

Inclusion checking algorithm.

3

Using the Hypervolume

3.1 Avoiding Checks by Comparing Hypervolume Approximations
Let's start by dening which approximation to the hypervolume we use. The
idea is to compute the hypervolume of the smallest hypercube containing the
polyhedron dened by the clocks' values.

Denition 4 (Hypervolume approximation). Let z be a DBM with n clocks.
The hypervolume HVol (z) is dened as Π1≤i≤n (const(z[i, 0]) − |const(z[0, i])|),
where const(x ≺ c) = c.
Note that for the purpose of the hypervolume approximation there is no need
to dierentiate among ≺, and that const(z[0, i]), the lower bound, is negative
and thus the need for modulus (i.e., x1 > 7 is expressed in DBMs as z[0, 1] =
(<, −7)).
If z[i, 0] is < ∞, use the maximum constant against which the clock is compared in the system, plus one (cf. [3]).
As can be seen from its denition, the computation of

HVol (z) is linear in the

number of clocks. However, there is no need to recompute it after every operation
that manipulates the zone. It only needs to be calculated as the last step of

suc τ ,

previous to the inclusion check. The overhead is mild, as the immediate previous
operation is usually the transformation of the zone to its canonical form, which
is

O(n3 ).
The approximation is safe, as stated by Theorem 1.

Theorem 1. If HVol (z1 ) > HVol (z2 ) then z1 6⊆ z2 .
Proof.

HVol (z1 ) > HVol (z2 ) ∧ z1 ⊆ z2 . As the operation IsIn⊆, it means that (∀i, j) 0 ≤ i, j ≤ n,
i 6= j =⇒ const(z1 [i, j]) ≤ const(z2 [i, j]). Then, as HVol (z1 ) and HVol (z2 )
are both products of the same quantity of positive terms, HVol (z1 ) is the prodLet's assume

cluded()

is sound and complete w.r.t.

uct of positive numbers which are all less or equal to the corresponding ones in

HVol (z2 ), contradicting the possibility of HVol (z1 ) being greater than HVol (z2 ).
Although hypervolume approximation resembles the convex-hull abstraction [10], there is a very important dierence. Ours is an exact technique, meaning that the answer to the reachability question is responded

yes

or

no

with

certainty. In convex-hull, on the other hand, zones corresponding to the same
location are joined to their convex-hull over approximation. If the property is
not reached, then the answer is precise, but if it is, then the answer is

maybe.

3.2 Implementations Notes
Care must be taken when computing

HVol (z)

as to not overow the capacity of

the container integer variable. Which type of integer variable to use for storing
the

HVol

of a zone has consequences in both memory overhead and precision.

The lower the number of bits reserved for the

HVol ,

the sooner it will saturate,

not allowing to avoid some inclusion checks. On the other hand, if too many bits
are used, the memory overhead can be considerable. The exact hypervolume
would require
against the

xi

O(log Π1≤i≤n |Ci |),

where

Ci

is the biggest constant compared

clock in the system. As with many others time-vs-memory trade

os, experimentation should be used to nd a convenient balance.
Note that the overhead depends on the implementation of DBMs. If a proper
matrix is used, a

long int,

which is 8 bytes on 32 bits machines, usually pro-

vides a good amount of check saving and requires little space compared to the
DBM itself. On more sophisticated representations, which leverage on Minimal
Constraint Representation [15] to use a variant of linked lists of bounds, the
overhead can be variable. Our experimentation shows an average of 2% extra
memory. Although Section 4 shows the experimental results, let's suppose we
are dealing with a system with ten clocks (a conservative assumption). A proper
DBM will have a hundred bounds. Being conservative, assume that the minimal
representation has approx. 30% of the bounds. For 30 bounds and 12 bits per
bound (usually enough to represent constants on the hundreds), the 360 bits can
be packed in 12

long int.

For these gures, an extra

long int

represents less

than 9% of extra memory.

3.3 Sorting Visited
As can be seen in Fig. 1, when a new state
restriction of

Visited

4 to states that have

(l, z) is found, the Visited l set (i.e., the
l as location) has to be fully explored,

comparing the new zone against all the ones contained in that set.

HVol , then it can be turned into a priority
HVol are checked rst. Let zn be the zone
of the new state and zq be the zone of next(Visited l ). HVol (zq ) is bigger or equal
than HVol (z) for every z ∈ Visited l . So, if HVol (zn ) is greater than HVol (zq ),
then, because of Theorem 1, zn is not included neither in zq , nor in the rest of
Visited l . In consequence, there is no need to continue checking, thus reducing the
If each zone in

Visited

has an

queue, where the zones with greater

number of inclusion checks performed, as can be seen in the experimentation.
A problem of implementing the above mentioned technique with a traditional
priority queue is that iteration is done by the successive elimination of
ments, thus requiring to re-insert them afterwards. For a queue with
the total cost with, e.g., a heap, is

k

next

ele-

elements,

O(k log k). The memory management involved

in removing and adding elements can make the constants considerable, importing a noticeable overhead that can easily counter the gain from the inclusion
checks avoided.
To overcome this problem, we chose a van Emde Boas tree [16], which permits nondestructive iteration. It is also convenient from a theoretical point of
view: visiting the rst

4

k0

elements costs

O(k 0 log log k). Actually van Emde Boas

Although we use a unied storage of Visited ∪ Pending as proposed in [4], separate
indexes allows us to traverse them independently.

trees provide all of their operations in

O(log log k),

at the penalty of only sup-

porting integer numbers from a xed interval as keys. Our experience with it
was that although it can be quite dicult to implement, it provides very good
performance.
The resulting algorithm is shown in Fig. 3.

1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

function

IsIncludedInOrdederSet(DBM z, DBM ordered set Z )

z 0 ∈ Z do
HVol (z) >HVol (z 0 ) then
return NO
0
else if IsIncluded(z , z ) then
return YES

for all
if

end if
end for
return

NO

end function

Fig. 3.

Having

Inclusion checking algorithm (zone in ordered set of zones).

Visited l

sorted by

HVol

is not only useful when the new zone is not

included. If it is, as the bigger zones are checked rst, there is a good chance that
the detection occurs earlier (for instance, universal zones are always the rst to
be checked, whereas in a traditional implementation of

Visited l

they could be

buried deep into the set).
It should be noted that it makes no sense to check if a new state
includes one

0

00

(l , z )

in

Visited

of Fig. 1), because in case it is,

(l0 , z 0 )

Pending which is checked in line 14
(l0 , z 00 ) still can't be removed, as it might be part

(contrary to

of a trace to the target state.
Section 4 shows the time and memory results for the implementation of
the above mentioned techniques in the model checker

Zeus.

Before that, in

Section 3.4, we explore the question of whether it is also worth sorting

Pending .

3.4 Sorting Pending . Worth it?
Pending by decreasing HVol sounds appealare in Pending , and that hypervolume(z) >
hypervolume(z 0 ). As suc τ is monotonic, it makes sense to compute ẑ = suc τ (z)
0
before zˆ0 = suc τ (z ) because ẑ is bigger that zˆ0 . Chances are that zˆ0 might be
included in ẑ , avoiding the exploration of a new zone.
An interesting aspect of sorting Pending that way is that it seems conservaAt rst sight the idea of sorting
ing: suppose that both

tive. It

seems

z

and

z0

that in case it didn't improve things, they will not get worse, i.e.,

no more zones will be generated.

Pending FIFO queue into a priority queue
HVol , and implemented it also as a van Emde Boas tree. Unfortunately,

To test these ideas, we changed the
sorted by

results were not positive, leading to more zones found (and thus more total time

and memory) for many case studies, even ones that generated the complete state
space.
The problem is that when locations are considered into the equation, things
get more complicated than the intuition presented in previous paragraphs. Sup-

(l1 , z1 ) and (l2 , z2 ) in Pending (in that order), with z1 being x < 10
x < 12. Also, assume that both l1 and l2 have a transition to l3
true invariant), but the second with an x > 5 guard while the rst

pose there are
and

z2

being

(which has a

imposes no restriction.
In a FIFO exploration (l1 , z1 ) will be explored rst, leading to the discovery of
(l3 , z3 ), with z3 being x < ∞. When (l2 , z2 ) is expanded, the new state, with zone
z30 = 5 < x < ∞, will already be included. On the other hand, if Pending was
ordered by hypervolume, (l2 , z2 ) would be explored rst, leading to the discovery
0
of (l3 , z3 ), which in turn will be put into Pending and explored before (l1 , z1 ).
When this state gets its turn, (l3 , z3 ) will be generated, but the inclusion check
will fail, thus creating a new zone to be explored.
Next section shows the experimental evidence that backs the claims made in
Sections 3.1 and 3.3.

4

Experimental Results

To validate the proposed techniques, we incorporated them into a monoprocessor
version of the

Zeus distributed model checker [17] and ran a series of experiments

against well known case studies from the literature. For some of them, a reduced
version (created with

ObsSlice

[8], a safe model reducer) was also used and

is primed in the tables. Each of them comprises two versions: the one where
the property is reached (true) and the unreachable one (false). The dierence is
usually a changed delay. The examples used are:
1.
2.

RCS5 , the Railroad Crossing System inspired in [18] with 5 trains.
Pipe6 , end-to-end signal propagation in a pipe-line of sporadic processes that
forward a signal emitted by a quasi periodic source, with 6 stages.

3.

FDDI8 ,

an extension of the FDDI token Model ring protocol where the

observer monitors the time the token takes to return to a given station.

4.
5.

Conveyor6ABC , Conveyor Belt [17] (with 6 stages and 3 objects)
MinePump , a design of a fault-detection mechanism for a distributed minedrainage controller [19].
Table 1 summarizes the sizes of the examples used in this article. The exper-

iments were run on a Intel Pentium IV 3.0 GHz processor with 2 GB of RAM,
running the Linux 2.6 operating system.
Table 2 shows the results obtained with each method independently and
Table 3 the combination of both. The rst columns report the time, memory
and number of inclusion checks for the standard version, and then the time
and number of inclusion checks for each optimization, with the percentage in
parenthesis (negative values for saving, positive for increase). Memory is not
reported for the rst optimization because the overhead was always less than 2%

Example

Components Clocks Reachable locations
10
10
1428
RCS5
8
8
1617
Conveyor6ABC
11
12
31443
FDDI8
15
23
4608
Table 1. Examples sizes.
MinePump

(consistently with the reasoning already mentioned in Section 3.1). The overhead
of the second comes from the van Emde Boas tree, which requires many pointers.
It should be noted that in the combined method, although not direct check
is saved by

HVol ,

Example

MinePump'

true
MinePump'

false
MinePump

true
MinePump

false
RCS5

true
RCS5

false
Conveyor6ABC

true
Conveyor6ABC

false
FDDI8

true
FDDI8

false

many inverse ones (see line 14 of Fig. 1) can still be avoided.

Standard
Time Mem #checks
(secs) (MB) (×106 )
46
7
10.5

With HVol
Visited priority queue
Time #checks
Time Mem #checks
(secs) (×106 )
(secs) (MB) (×106 )
43
8.9
43
7.8
9.2
( -7%) (-15%) ( -7%) (+11%) (-12%)
527
19
206.0
475
173.8
465
21.2
180.6
(-10%) (-16%) (-12%) (+12%) (-12%)
2807
56 1124.3
2542
969.7
2444
62.1
959.3
( -9%) (-14%) (-13%) (+11%) (-15%)
20580 152 4348.9 18353 3051.1 17425 163.2 3030.2
(-11%) (-30%) (-15%) ( +7%) (-30%)
31
7
10.2
23
5.5
28
7.7
9.1
(-26%) (-46%) (-10%) (+10%) (-11%)
1039
34
341.3
952
286.4
955
34.6
311.7
( -8%) (-16%) ( -8%) ( +2%) ( -9%)
1385 183
163.6
1280
104.8
1338 198.0
138.5
( -8%) (-36%) ( -4%) ( +8%) (-15%)
4142 280
998.8
3368
567.1
3600 306.4
762.7
(-19%) (-43%) (-13%) ( +9%) (-23%)
488
20
0.1
488
0.1
486
21.0
0.1
( 0%) ( 0%) (-<1%)5 ( +5%) (-<1%)
7642 120
18.2
7645
18.2
7629 122.0
18.2
(+<1%) ( 0%) (-<1%) ( +2%) (-<1%)
Table 2. Results obtained for each method.

As can be seen in Table 2,
counting

RCS5

HVol

features time savings of up to 19% (not

true, because it already takes a very short time and is only

presented for completeness), and sorting

Visited

of up to 15%. The rst one has

neglectable memory overhead, while the second uses around a 10-12%. There

5

Marginal improvements, not seen in gures because of rounding.

Example

Both methods
Time
Mem
#checks
(secs)
(MB)
(×106 )
MinePump' true
43 ( -7%) 7.8 (+11%)
8.3 (-21%)
MinePump' false
465 (-12%) 21.2 (+12%) 181.3 (-12%)
MinePump true
2436 (-13%) 62.1 (+11%) 955.7 (-15%)
MinePump false
17388 (-16%) 163.2 ( +7%) 2348.4 (-46%)
23 (-26%) 7.5 (+10%)
8.0 (-22%)
RCS5 true
RCS5 false
926 (-11%) 34.6 ( +2%) 286.7 (-16%)
Conveyor6ABC true
1295 ( -6%) 198.0 ( +8%) 115.9 (-29%)
Conveyor6ABC false
3470 (-16%) 306.4 ( +9%) 569.3 (-43%)
FDDI8 true
487 (-<1%) 21.0 ( +5%)
0.1 (-<1%)
FDDI8 false
7652 (+<1%) 122.0 ( +2%) 18.2 (-<1%)
Table 3. Results obtained with both methods combined.

is no direct relationship between the number of checks saved and the speedup.
This is because each case studies has dierent sized matrices and for each check
saved, the number of cell matrices to be compared diers.

FDDI8

is an interesting case study because, as no inclusion check could be

avoided with

HVol , the dierence in times measures pure overhead, showing that

the method is very light.
Table 2 also shows that dierent case studies benet the most from dierent
techniques. If memory is a premium, clearly

HVol

is convenient, but if some

memory can be spent in order to obtain earlier results, then a decision should
be made among the two. Also, they can be combined. As shown in Table 3, with
the exception of

FDDI8 ,

the combined method is never worse than the worse

Conveyor6ABC ). Sometimes it is as good
MinePump' , MinePump true, RCS5 true) and sometimes
better (MinePump false, RCS5 false).
of the optimizations (see for instance

as the best of them (

Both the second and the combined method have indeed a memory overhead
that seems, in terms of percentages, on the same order of magnitude as the time
saved. However, in cases like

MinePump

false on Table 3, it can be seen that

the 16% saving of time translates to almost one hour of almost six, at the cost
of 7% more memory, which only amounts to less than 12 extra MB of RAM.

5

Conclusions and Future Work

In this article we presented two techniques that contribute to speed up forward
reachability. They are based on approximating the hypervolume of the polyhedra that represents the valuations of clocks in timed automata model checking.
Although the hypervolume is approximated, both techniques give exact answers.
The rst is based on avoiding inclusion checks when the approximate hypervolumes makes the inclusion impossible. The other, in sorting the already-visitedstates set according to the approximate hypervolumes, avoiding to traverse some

parts of it while checking for included zones. The second is only possible thanks
to a very optimized implementation of a van Emde Boas tree [16], but the rst
is quite simple.
These techniques can be used independently and obtain interesting speedups.
For instance, in cases like

MinePump

false in Table 3 it can be seen that the

16% saving of time translates to almost one hour of almost six, at the cost of 7%
more memory, which only amounts to less than 12 extra MB of RAM. According
to our experiments, some models benet more with one of them, and some with
the others, with acceleration of up to 19 and 15% respectively. The rst one has
neglectable memory overhead, the second, a moderate one (10-12%).
They can also be combined, although the speedups are not additive, because
there is some mutual cancellation. The good news is that there is no need to
speculate on which one to use, because using both is generally as good as using
the best of them.
It should be noted that the techniques are very unobtrusive, in the sense that
they are orthogonal to many other optimizations such as [36, 8, 9], allowing to
use all of them together.
Also, we showed that applying the same ideas to the

Pending

queue where

the states that remain unexplored are kept can have negative impact. In order to
reverse that,

Pending

should be separated by location, and then sorted, but that

will increase the cost of adding newly discovered zones to it. Experimentation
with dierent data structures towards that end is a yet-to-be-explored area.
Although we chose a van Emde Boas tree to sort the

Visited

queue, some

less modular yet simpler implementations based on linked lists of states, with
pointers marking insertion places are possible. This trade-o should be revisited
to see if some of the overhead can be avoided.
To pursue further in this line of research, it would be interesting to analyze
which topological characteristics of the model inuence in each method's performance. A consequence of this could be an on-the-y detection method, that
switches between them.
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