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Abstract. A circular-arc model M = (C, A) is a circle C together with
a collection A of arcs of C. If no arc is contained in any other then M
is a proper circular-arc model, and if some point of C is not covered
by any arc then M is an interval model. A (proper) (interval) circulararc graph is the intersection graph of a (proper) (interval) circular-arc
model. Circular-arc graphs and their subclasses have been the object of
a great deal of attention in the literature. Linear time recognition algorithms have been described both for the general class and for some of
its subclasses. For the isomorphism problem, there exists a polynomial
time algorithm for the general case, and a linear time algorithm for interval graphs. In this work we develop a linear time algorithm for the
isomorphism problem in proper circular-arc graphs, based on uniquely
encoding a proper circular-arc model. Our method relies on results about
uniqueness of certain PCA models, developed by Deng, Hell and Huang
in [6]. The algorithm is easy to code and uses only basic tools available
in almost every programming language.
Keywords: isomorphism problems, proper circular-arc graphs, proper
circular-arc canonization.
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Introduction

Interval graphs, circular-arc graphs and its subclasses are interesting families
of graphs that have been receiving much attention recently. Proper interval
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and proper circular-arc graphs are two of the most studied subclasses of interval and circular-arc graphs [4, 8, 21]. Booth and Lueker found the first linear
time algorithm for recognizing interval graphs using a data structure called PQtrees [3]. Since then a lot of effort has been put into simplifying this algorithm
and avoiding the use of PQ-trees [5, 9, 10, 14]. For circular-arc graphs there is
also a great amount of work focused into finding a simple linear time recognition
algorithm [12]. The first linear time algorithm is due to McConnell [18] and is
not simple to implement.
Algorithms for proper circular-arc recognition in linear time are also known,
and they were always much easier to implement than those for the general case [6,
13]. Deng, Hell and Huang exploit their proper interval graph recognition algorithm to develop a linear time algorithm for proper circular-arc graphs, based
on local tournaments [6]. They also described results about the uniqueness of
connected proper circular-arc graphs and proper circular-arc models, that we
use to build our isomorphism testing algorithm.
The isomorphism problem is a hard to solve NP problem, although it is
not known whether it is NP-hard. Nevertheless, this problem is known to be
polynomial or even linear for several classes of graphs [7]. For interval graphs,
labeled PQ-trees can be used to test for isomorphism in linear time [17], while
for circular-arc graph the best known algorithm runs in O(mn) time [11].
In this work we present a simple algorithm for the isomorphism problem restricted to proper circular-arc graphs. This algorithm runs in O(n) time, when a
proper circular-arc model is given. The objective is to uniquely encode a “canonical” proper circular-arc model of the graph. This canonical model is obtained
by rotating, reflecting and sorting each (co-)component of the input model.
Let G = (V (G), E(G)) be a graph, n = |V (G)| and m = |E(G)|. Denote
by G the complement of G. Graph G is co-connected when G is connected.
A (co-)component is a maximal (co-)connected subgraph of G. For v ∈ V (G),
denote by N (v) the set of vertices adjacent to v, and write N [v] = N (v) ∪ {v}
and N (v) = V (G) \ N [v]. A vertex v of G is universal if N [v] = V (G).
A circular-arc (CA) model M is a pair (C, A), where C is a circle and A is a
collection of arcs of C. When traversing the circle C, we will always choose the
clockwise direction, unless explicitly stated. If s, t are points of C, write (s, t)
to mean the arc of C defined by traversing the circle from s to t. Call s, t the
extremes of (s, t), while s is the start point and t the end point of the arc. The
extremes of A are those of all arcs A ∈ A. The reverse model of M is denoted
by M−1 , i.e. M−1 is the reflection of M with respect to some chord of the
circle. Unless otherwise stated, we always assume that A = {A1 , . . . , An } where
Ai = (si , ti ). Moreover, in a traversal of C the order in which the start points
appear is s1 , . . . , sn . The set si , . . . , sj (ti , . . . , tj ), 1 ≤ i < j ≤ n, is called an
s-range (t-range) with ∅ being the empty s-range (t-range). Similarly, a set of
contiguous extremes is an st-range, and Ai , . . . , Aj is a range. Without loss of
generality, all arcs of C are considered as open arcs, no two extremes of distinct
arcs of A coincide and no single arc entirely covers C.

When no arc of A contains any other, (C, A) is a proper circular-arc
(PCA)
S
model. A (proper) interval model is a (proper) CA model where A∈A A 6= C.
A CA (PCA) graph is the intersection graph of a CA (PCA) model. A (proper)
interval graph is the intersection graph of a (proper) interval model. We may
use the same terminology used for vertices when talking about arcs (intervals).
For example, we say an arc in a CA model is universal when its corresponding
vertex in the intersection graph is universal. Similarly, a connected model is one
whose intersection graph is connected.
Let Σ be an alphabet. A string S (over Σ) is a sequence S(1), . . . , S(|S|)
where |S| is the length of S. The set {1, . . . , |S|} is the set of positions of S. For
positions i < j we denote by S[i; j] the substring S(i), . . . , S(j). If < is a total
order over Σ, then <lex denotes the lexicographical order of strings, i.e. S <lex T
if and only if there exists k < |T | such that S(i) = T (i) for all 1 ≤ i ≤ k and
either k = |S| or S(k + 1) < T (k + 1). The rotation S  i is the string S[i; |S|]
followed by string S[1; i − 1]. Position i is canonical if S  i ≤lex S  j for
every 1 ≤ j ≤ |S|. Observe that since < is a total order, then S  i = S  j
for every pair i, j of canonical positions.
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PCA representations

Let M = (C, A) be a PCA model of a graph G and fix some arc Ai = (si , ti ) ∈ A.
The arc representation Ri (M) of M is a string obtained by transversing C from
si and writing the character ‘aj+1 ’ (‘bj+1 ’) when si+j (ti+j ) is reached. Thus, the
j-th start (end) point that appears after si (ti ) is designated with the character
‘aj+1 ’ (‘bj+1 ’). Observe that we consider the order s1 , . . . , sn to be fixed for M,
but in a computer program we do not have access to this order. What we have
is an arc representation that allows us to gain access to that order.
It is clear that there are at most n different arc representations of M, one
for each arc Ai . Algorithms on (proper) CA graphs usually perform a linear
time preprocessing on its input, given as an arc representation. For instance, by
simply transversing the representation it is possible to build a data structure
where ti can be found in O(1) time, given si .
Arc representations have a lot of redundant information for encoding PCA
models. Fix some arc Ai ∈ M. The extreme sequence (of M) from si is the
string E i (M) that is obtained by replacing ‘aj ’ (‘bj ’) with ‘a’ (‘b’) in Ri (M) for
every 1 ≤ j ≤ n. In other words, E i (M) is the string obtained by transversing
C from si and writing the character ‘a’ (‘b’) when a start point (an end-point)
is reached. The mark point (of M) from si is the position ti (M) where ‘b1 ’
appears in Ri (M). Define the function r, such that r(E i (M), ti (M)) is the
string obtained from E i (M) by replacing the j-th character ‘a’ with ‘aj ’ and the
j-th character ‘b’ that appears from position ti (M) with character ‘bj ’.
Remark 1. Function r is a bijection between r(E i (M), ti (M)) and Ri (M). Moreover, r and r−1 can both be computed in O(n) time.

Remark 2. For 1 ≤ i, j ≤ n, Ri (M) = Rj (M) if and only if E i (M) = E j (M)
and ti (M) = tj (M).
From now on we may not write the superscripts if we want to refer to any
representation of M. Also, when M is understood, we do not write it explicitly
as a parameter. Let M be a PCA model. Extreme representation (E, t) uses
only O(n) bits while R uses O(n log n) bits. However, some operations, as taking
the end point of some arc when the start point is given, are not (a-priori) fast
enough when using (E, t). This is why in this work and others (see e.g. [1, 16])
arc representations are taken as the input of the algorithms. When we say that
these algorithms run in O(n) time when an arc representation is given what we
mean is that they run in O(n) time where n is the length of codification R.
But if we instead use (E, t) as input, we have to build R first, so the algorithms
take O(n log n) time where n is the length of (E, t). With this in mind, when
we say that M is given as input, we mean that an arc representation (or some
linear-time preprocessing of it) is given as input.
Let M, N be two PCA models with n arcs. We write M =M N (M is
equal to N ) if Ri (M) = Rj (N ) for some 1 ≤ i, j ≤ n. This is what one would
intuitively assume as equality of models, i.e., do they have the extremes in the
same order? Clearly, if two PCA models are equal then their intersection graphs
are isomorphic, but the converse is not always true. Testing if two PCA models
are equal can be trivially done in O(n2 ) time by fixing some 1 ≤ i ≤ n and then
testing whether Ri (M) = Rj (N ) for every 1 ≤ j ≤ n. However this can also be
verified in O(n) time.

3

Basic algorithms

In this section we describe linear-time algorithms that we use several times in
the paper. Below is the list of problems we need to solve throughout the paper:
– Is a PCA graph co-bipartite? If so, give a unique co-bipartition of its cocomponents.
– Compute the components of a PCA graph.
– Is the intersection graph of a PCA model an interval graph? If so, output a
proper interval model [15].
– Find all canonical positions of a circular string [2, 20].
In the next subsections, we show how to solve each of the above problems and
discuss the complexities of the corresponding algorithms. The proposed solutions
are easy to implement. Furthermore, we believe they are of interest on their own.
3.1

Co-bipartitions of the co-components of a PCA graph

The first problem we need to solve is to determine whether a PCA graph is
co-bipartite and, if so, output the co-bipartitions of its co-components. The following algorithm determines the co-component of a graph G, containing a given
vertex v ∈ V (G).

Algorithm 1 Co-component containing v in a graph G
1. Unmark all vertices and define V10 := {v}, V20 := ∅ and k = 0.
2. While there exists an unmarked vertex w ∈ V1k ∪ V2k , perform the following
operation. Let i, j ∈ {1, 2}, such that v ∈ Vik and j 6= i. Mark v and compute
Vik+1 := Vik , Vjk+1 := Vjk ∪ N (w) and k := k + 1.
3. Output V1 := V1k , V2 := V2k
Lemma 1. V1 ∪ V2 is the co-component containing v in G. Moreover, V1 , V2 is
a co-bipartition if and only if V1 ∩ V2 = ∅.
For the general case this algorithm can be implemented in O(n2 ) time. Next,
we consider that G is a PCA graph given by a PCA model M. Define a subset
of V (G) to be a range whenever their corresponding arcs in M form a range.
The following lemma is relevant to our purposes.
Lemma 2. At every step k, V1k and V2k are ranges.
Proof. Clearly V10 and V20 are ranges. Now consider the k-th iteration and let
i, j and w ∈ Vik be as in Step 2. Since G is a PCA graph, N (w) is a range.
If N (w) ∩ Vjk = ∅, then w = v and k = 0, thus Vj1 = N (w) corresponds to a
range. If N (w) ∩ Vjk 6= ∅ then it follows that k > 0 and Vjk is a range by the
inductive hypothesis. Hence N (w) ∪ Vjk is also a range, because the union of two
intersecting ranges is a range.
t
u
Now we consider the complexity of the algorithm when a PCA ordering of
the vertices is given. Let i, j and k be as in Step 2, Vi = Vik and Vj = Vjk . By
Lemma 2, Vi is a range. The invariant we use is that Vi is partitioned into three
ranges Li , Ci and Ri , where Li , Ci , and Ri appear in this order. The set Vj has
an analogous partition Lj , Cj and Rj . The set of marked vertices of Vi is Ci ,
while Li ∪ Ri is the set of unmarked vertices. To maintain the invariant, vertex
w can be selected from Vi if and only if Ci ∪ {w} is also a range, thus there are
at most four unmarked vertices that could be selected at each step. Suppose w
is chosen from Li . For the next iteration we have to modify each of the ranges
to reflect the inclusion of N (w).
For the implementation, each range in the algorithm can be represented by
a pair of integers, the low index and the high index, corresponding to the first
and the last vertices of the range. Before applying the algorithm, range N (v)
can be found for every vertex v in O(n) time. Hence, Vj ∪ N (w) in Step 2 can
be computed in constant time. For this, the low index of Lj is updated to the
smallest of the low indices of Lj and N (w). Similarly, for the high index of Rj
we would choose the greatest of the two high indices. Finally, the mark of w is
done by decreasing by one the high index of Li and increasing by one the low
index of Ci when w ∈ Li . The case when w ∈ Ri is analogous. With such an
implementation, each iteration of Step 2 takes O(1) time, thus each component
C can be found in O(|C|) time. That is in overall O(n) time the algorithm finds
the co-bipartitions of all co-components.

3.2

Components of a PCA graph

The second problem we solve is how to find the components of a PCA graph,
when the input is a PCA model M. A leftmost arc is an arc whose start point
is not contained in any arc. When the graph is not connected, every model has
at least two leftmost arcs. It is easy to find every leftmost arc in O(n) time
by traversing twice the circle. In the first traversal mark Ai when si is crossed,
and then unmark Ai when ti is crossed. In the second traversal, the start points
having no marks when crossed correspond to leftmost arcs. Conversely, the start
points that are crossed when there are marks are not from leftmost arcs. Now, if
Ai and Aj are leftmost arcs with no leftmost arc between them then Ai , . . . , Aj−1
is the range corresponding to the component of Ai . To sum up, the components
of a PCA graph can be found in O(n) time.
3.3

PCA representation of interval graphs [15]

The third problem is to determine whether the intersection graph G of a PCA
model M = (C, A) is an interval graph. If affirmative, then we need to construct
a proper interval model. We can check if M is an interval model in O(n) time by
checking if it contains any leftmost arc. In this case the output is M. But if G
is an interval graph and M is not an interval model, we can transform it into an
interval model in O(n) time, employing the algorithm described in [15]. There,
it is shown that M must have three arcs covering the circle. Moreover, one of
these arcs, say (s, t), must be universal. Then M0 = (C, (A \ {(s, t)}) ∪ {(t, s)})
is a proper interval model of G.
3.4

Minimum circular string [2, 20]

Finally we need to find the minimum of a circular string. The minimum circular
string problem is to find every canonical position of S. For this it is enough to
find one canonical position i and a period w such that i + kw is canonical for
every k ≥ 0. This problem can be solved in O(n) comparisons over the alphabet
Σ [2, 20].
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Canonical representation of PCA models

In this section we describe how to canonize a representation of a PCA model, so
that equality of models can be tested by equality of representations. What we
want is a function C from models to arc representations, so that C(M) = C(N )
if and only if M =M N . The idea is to take the “minimum” arc representation as
the canonical representation. Fix a PCA model M and let ‘a’ < ‘b’. Define ≺ as
the order over the arcs, where Ai ≺ Aj if and only if E i <lex E j . Define also, <R
as the total order over arc representations where Ri (M) <R Rj (N ) if and only
if either E i (M) <lex E j (N ) or E i (M) = E j (N ) and ti (M) < tj (N ). Arc Ai is
canonical if Ai is minimum with respect to ≺ and Ri is a canonical representation

when Ri is minimum with respect to <R . Since Ri can be uniquely determined
from (E i , ti ) then <R is a total order and therefore the canonical representation
of M is unique. That is, if Ri and Rj are canonical representations then Ri = Rj .
Proposition 1. Let M be a PCA model and 1 ≤ i, i + j ≤ n. Then E i+j =
E i  j and tj = bj − aj + 1, where aj (bj ) is the position of the j-th ‘a’ (‘b’) in
Ri .
Theorem 1. Let M be a PCA model. Then Ai is a canonical arc if and only if
Ri is a canonical representation of M.
Proof. If Ai is not a canonical arc, then there exists Aj ≺ Ai . Consequently
E j <lex E i which implies that Rj <R Ri , so Ri is not a canonical representation.
Now suppose that Ai is a canonical arc, and let Ri+j be a canonical representation of M. Then both E i and E i+j are minimum sequences with respect to
<lex , so E i = E i+j . By Remark 2, it is enough to see that ti = ti+j . Let ak be
the position of ‘ak ’ in Ri and bk be the position of ‘bk ’ in Ri for every 1 ≤ k ≤ n.
By Proposition 1, E i+j = E i  aj and ti+j = bj − aj + 1.
Since E i = E i+j = E i  aj and there is the same quantity of symbols ‘a’
and ‘b’ in E i , then in E i [1 + k; aj + k − 1] there is also the same quantity of ‘a’
and ‘b’ for every 1 ≤ k ≤ 2n − aj + 1. Moreover, this quantity must be j − 1
because in E i [1; aj − 1] there are j − 1 characters ‘a’. Then, in E[b1 ; aj + b1 − 2]
there are j − 1 characters ‘b’ and E i (aj + b1 − 1) is also a ‘b’. Consequently
bj = aj + b1 − 1, because bj is the position of the j-th character ‘b’ after b1 .
Hence ti+j = bj − aj + 1 = b1 = ti as required.
t
u
From now on, we denote by C(M) the unique canonical representation of M.
The algorithm we present below finds C(M) for a PCA model M using some
arc representation Ri as input.
Algorithm 2 Canonical representation of model M
1. Compute E i and ti .
2. Find some canonical position ac of E i that corresponds to some character
‘ac ’ in Ri , and let bc be the position of character ‘bc ’ in Ri .
3. Output r(E i  ac , ac − bc + 1).
The algorithm finds C(M) by Remark 1, Proposition 1 and Theorem 1. With
respect to its time complexity, Step 1 can be done in O(n) time by Remark 1,
Step 2 takes O(n) time as shown in Subsection 3.4, and Step 3 takes O(n) time
by Remark 1. Thus the time complexity is O(n).
In the next section we show how to find a unique canonical model M(G) of
a PCA graph G, so that C(M(G)) is the unique canonical representation of a
PCA graph.

5

Canonical models of PCA graphs

We divide the canonization of PCA graphs in three non-disjoint cases. These
are the connected PCA graphs which are co-connected or non co-bipartite, the
proper interval graphs, and the co-bipartite PCA graphs.
In this section we need to sort models according to their canonical representations. Define <M as the total order between models where M1 <M M2 if and
only if C(M1 ) <R C(M2 ). Note that M1 =M M2 if and only if M1 6<M M2
and M2 6<M M1 because C(M1 ) is unique. Although <M corresponds to a
natural way to compare models, it does not behave so well for the sorting. Nevertheless, all the information in C(M) can be encoded nicely into a somehow
compressed string by combining E(M) and t(M). Let (E(M), t(M)) be the
extreme representation r−1 (C(M)) for a model M. Define S(M) as the string
that is obtained from E(M) by replacing the character ‘b’ at position t(M) with
a character ‘m’. Extend < so that ‘a’ < ‘m’ < ‘b’.
Proposition 2. M1 <M M2 if and only if S(M1 ) <lex S(M2 ).
Now, if {M1 , . . . , Mk } is a multiset of models, we can lexicographically sort
Pk
it in O( i=1 |Mi |) time using the well known most significant digit (MSD) radix
sort algorithm.
5.1

Connected PCA graphs which are co-connected or non
co-bipartite

We start first with the connected PCA graphs which are co-connected or non
co-bipartite. The motivation for considering this case is the following theorem.
Theorem 2 ([6]). Connected PCA graphs which are co-connected or non cobipartite have at most two non-equal models, one being the reverse of the other.
Let M be a PCA model of a connected PCA graph which is co-connected or
non co-bipartite G. Define M(G) as the minimum of M and M−1 with respect
to <M ; M(G) can be computed in O(n) time.
Corollary 1. Let G1 , G2 be two connected PCA graphs which are co-connected
or non co-bipartite. Then G1 is isomorphic to G2 if and only if M(G1 ) =M
M(G2 )
5.2

Proper interval graphs

The second class is that of proper interval graphs. As for PCA graphs, we employ
a basic theorem.
Theorem 3 ([6, 19]). Connected proper interval graphs have at most two nonequal proper interval models, one being the reverse of the other.

Extend M(G) to connected proper interval graphs, i.e. if M is a proper
interval model of a connected graph G, define M(G) as the minimum between
M and M−1 .
Corollary 2. Let G1 , G2 be two connected proper interval graphs. Then G1 is
isomorphic to G2 if and only if M(G1 ) =M M(G2 ).
Now, let G be a proper interval graph and G1 , . . . , Gk be its components,
where M(Gi ) ≤M M(Gi+1 ). Extend M(G) to the model where the circle is
partitioned into k consecutive segments S1 , . . . , Sk and M(Gi ) is contained in
the i-th segment that appears in a traversal of the circle (see Figure 5.2). Clearly,
M(G) is a proper interval model of G and is uniquely defined.

...
M(G1 )

M(G2 )

M(Gk )

M(G)

Fig. 1. The figures, except the last one, show the k segments whose corresponding
models lie in M(G), whereas the last figure depicts M(G) itself.

Theorem 4. Let G1 , G2 be two proper interval graphs. Then G1 is isomorphic
to G2 if and only if M(G1 ) =M M(G2 ).
We describe below the algorithm to find M(G) for proper interval graphs
when the input is (any arc representation of) M.
Algorithm 3 Canonical model of a proper interval graph G.
Let M be some proper interval model of G
Find the components M1 , . . . , Mk of M.
Define M(i) as the minimum of Mi and Mi−1 for 1 ≤ i ≤ k.
Sort the multiset {M(1), . . . , M(k)} so that M(i) ≤M M(i + 1) for every
1 ≤ i < k.
5. Output the model with k segments where M(i) is contained in the i-th segment.
1.
2.
3.
4.

We now consider the complexity of the algorithm when M is given as in Step
1. Step 2 can be solved in O(n) time as in Subsection 3.2, where we obtain a
range representing each component. Step 3 is done by reversing Mi and then
comparing Mi and M−1
i . Both the reversal and the comparison can be computed
in O(|Mi |) for 1 ≤ i ≤ k. Step 4 can done as explained at the beginning of this
section in O(n) time. For Step 5 traverse the range corresponding to Mi that
was obtained in Step 1 and insert it into the new circle. The algorithm then runs
in O(n) time.

5.3

Canonization of co-bipartite PCA graphs

Finally we consider co-bipartite PCA graphs. The algorithm for this class of
graphs is quite similar in its concept to the one for proper interval graphs. For
co-connected PCA graphs M(G) has already been defined in Subsection 5.1.
Consider a co-connected co-bipartite PCA graph G and denote by A1 , A2
the co-bipartition of M(G). By Lemma 2, both A1 and A2 are ranges. Assume
w.l.o.g. that A1 is the first arc of range A1 and Ai is the first arc of range A2 .
Moreover, assume that s1 is represented by ‘a1 ’ in C(M(G)). In the segment
(si−1 , t1 ) there is no start point of arcs in A2 , because otherwise every arc of A1
would contain these start points. Consequently, (si−1 , t1 ) is a segment contained
by all the arcs of A1 that is not crossed by any arcs of A2 . Moreover, (si−1 , t1 )
is the unique maximal segment in these conditions. The same argument can be
applied interchanging A1 with A2 . But in the case where A2 is empty and A1
has only one universal arc A1 , then (t1 , s1 ) is the required segment. This means
that X = {ti , . . . , tn } ∪ {s1 , . . . , si−1 } and Y = {t1 , . . . , ti−1 } ∪ {si , . . . , sn } are
two st-ranges that define M(G) (see Figure 2(a)). We call these two st-ranges
as co-bipartition ranges, where X is the low co-bipartition range and Y is the
high co-bipartition range. Observe that low and high are well defined for M(G),
because X contains ‘a1 ’ in C(M(G)).
Now we show a unique way to accommodate the co-components when the
PCA graph is not co-connected (see also [6]). This is rather similar to what we
did in the previous section. Let G be a non interval co-bipartite PCA graph and
G1 , . . . , Gk be its co-components where M(Gi ) ≤M M(Gi+1 ) for 1 ≤ i ≤ k.
Let Xi , Yi be the respective low and high co-bipartitions ranges of M(Gi ) for
1 ≤ i < k. Define M(G) as the model where the circle is partitioned into 2k
consecutive segments. The i-th segment in a traversal of the circle contains Xi
and the i + k segment contains Yi for 1 ≤ i ≤ k (see Figure 2). It is not hard
to see that M(G) is a PCA model of G, because the model induced by the arcs
in segments i and i + k is precisely M(Gi ) and every arc with one extreme in
segment i intersects every arc with one extreme in segment j for 1 ≤ i < j ≤ k.

si-1 t1

Xk

si

tn
ti-1

s1
ti

X1

Y1

(a) M(H)

(b) M(G1 )

Xk

X1

...
Yk

sn

X2

(c) M(Gk )

Y1
Yk

Y2

(d) M(G)

Fig. 2. Figure (a) shows the high co-bipartition range {ti , . . . , tn } ∪ {s1 , . . . , si−1 } and
the low co-bipartition range {t1 , . . . , ti−1 } ∪ {si , . . . , sn } of a co-connected co-bipartite
graph. Figures (b) and (c) show the co-bipartition ranges of the co-components of G
in their corresponding segments. In (d) the whole picture of M(G) is shown.

Theorem 5. Let G1 , G2 be two non interval co-bipartite PCA graphs. Then G1
is isomorphic to G2 if and only if M(G1 ) =M M(G2 ).
The algorithm to find a canonical representation of a co-bipartite PCA graph
is very similar to the one for a proper interval graph. The two main changes are
that components are replaced by co-components in Steps 2-5, and that the circle
is partitioned into 2k segments, where segments from 1 to k contain the low cobipartition ranges and segments from k + 1 to 2k contain the high co-bipartition
ranges (Step 6). Since both the co-components and the co-bipartition ranges can
be found in O(n) time, as in Section 3.1, the whole algorithm for this case takes
O(n) time.
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Putting it all together

Function M as defined in the previous section maps every PCA graph to a PCA
model. However, it should be mentioned that if G is both proper interval and cobipartite, then M(G) is computed as in Subsection 5.2. The complete algorithm
is depicted below.
Algorithm 4 Canonical representation of a PCA graph G
1. If G is an interval graph, then compute M(G) as in Subsection 5.2.
2. Else if G is a co-bipartite model then compute M(G) as in Subsection 5.3.
3. Otherwise, compute M(G) as in Subsection 5.1.
Finally we discuss the complexity of the entire algorithm. The input of the
algorithm is a PCA model as in Step 1. This model is encoded as an arc representation, which is obtained as the output of the recognition algorithm for PCA
graphs [6]. We can check if G is an interval graph as in Subsection 3.3 in O(n)
time. If so, we obtain a proper interval model that we can use in Step 1 to find
M(G) in O(n) time. The rest of the algorithm takes O(n) time as explained in
the previous section. When the input is G instead of M, the algorithm takes
O(n + m) time by first computing a PCA model [6].
Theorem 6. Let G and H be two PCA graphs. Then the following are equivalent:
1. G and H are isomorphic,
2. M(G) =M M(H),
3. C(M(G)) = C(M(G)).
Proof. It is a direct consequence of Corollary 1 and Theorems 4 and 5, and the
fact that M is a well defined function.
t
u
Corollary 3. The isomorphism problem for PCA graphs can be solved in O(n)
time when a PCA models model is given as input, or in O(n + m) time when
the input is a graph given by its sets of vertices and edges.
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