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Abstract
We present one more proof of the fact that the class of proper interval graphs is
precisely the class of unit interval graphs. The proof leads to a new and efficient
O(n) time and space algorithm that transforms a proper interval model of the graph
into a unit model, where all the extremes are integers in the range 0 to O(n2 ), solving
a problem posed by Gardi (Discrete Math., 307 (22), 2906–2908, 2007).
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Introduction

For a graph, denote by n and m the number of vertices and edges, respectively.
A graph is an interval graph if its vertices can be put in a one-to-one mapping
with a set of intervals of the real line in such a way that two vertices of the
graph are adjacent if and only if their corresponding intervals have nonempty
intersection. The set of intervals is called an interval model or interval representation of the graph. If in some interval model of the graph no interval is
properly contained in some other interval then the graph is a proper interval
graph, while the model is a proper interval model. If also all the intervals are
of the same size, the graph is a unit interval graph and the model is a unit
interval model.
By definition, every unit interval model is a proper interval model, so every
unit interval graph is also a proper interval graph. In 1969, Roberts [7] proved
that the converse is also true; every proper interval graph admits a unit interval
model. There are several O(n + m) time algorithms that recognize if a given
graph is a proper interval graph, which output a proper interval model in the
affirmative case (e.g. [2]). So, the recognition problem for unit interval graphs
is well solved. However, for the representation problem, which is to find a
unit interval model of a proper interval graph, there are not so many linear
time algorithms. There are two possible inputs for the representation problem,
namely the graph represented by its adjacency lists or a proper interval model
represented by its family of intervals. We now give a brief description of the
known representation algorithms for unit interval graphs.
In 1998, Corneil et al. [3] developed an O(n + m) time algorithm for the
recognition and representation problems, when the input is the adjacency lists
of the graph. Their algorithm is divided into two main phases. In the first
phase, the algorithm produces an ordering of the vertices of the graph that
reflects the order of the intervals in a proper interval model. In the second
phase, the algorithm tranforms this ordering into a unit interval model of the
graph, using a postorder traversal of a breath-first search tree. One of the
main properties about the output model is that every extreme is represented
by an integer in the range [0, n2 ], which is asymptotically the best possible.
In 1999, Bogart and West [1] gave a new simple and constructive proof
of the “Proper = Unit” Theorem. This proof yields — as it is — an O(n2 )
operations algorithm to transform a proper interval model into a unit interval
model. However, the extremes of the intervals could be of exponential value
with respect to n. Thus, each operation costs O(n) time and, moreover, the
output model is not efficient, as it is of quadratic size with respect to the

size of the input. In the book of Spinrad [8] there is a short description of
the second phase of the algorithm by Corneil et al., but the input ordering is
replaced with a proper interval model of the graph. As it was described by
Spinrad, the algorithm runs in O(n + m) time, so it is quadratic with respect
to the size of the input model. More recently, Gardi [4] gave a new proof of
the “Proper = Unit” Theorem, which yields an O(n) operations algorithm,
but once again the extremes may have exponential value. Thus, in the worst
case it takes O(n2 ) time and space.
In [4], Gardi states that it would be interesting to find a direct linear time
and space algorithm for the representation problem when a proper interval
model is given as input. By direct, Gardi means without the use of breathfirst search. This problem involves two interesting questions by their own. The
first one is to find a linear time and space algorithm for the representation
problem. The second one is to do it without traversing any kind of tree.
Lin and Szwarcfiter gave an answer to the former question in [6], where they
develop an O(n) time and space algorithm to transform a proper circulararc model into a unit circular-arc model, if possible. When the input of the
algorithm is a proper interval model, the output of the algorithm is a unit
interval model. However, this algorithm is too general for unit interval graphs,
and it requires several traversals of the input model and of trees, and the use
of network flow techniques.
In the first part of this work we show how to implement the algorithm
by Corneil et al. in O(n) time and space, when the input is a proper interval
model. In the second part we present a new O(n) time and space algorithm for
the representation problem without traversing any kind of tree. The algorithm
is simple, it just requires two traversals of the input model. In each traversal
only additions of variables are made, all between numbers in the range 0 to
O(n2 ). Also, the procedure gives a new proof of the “Proper = Unit” Theorem.
The work is based in a new characterization of unit interval graphs given in [5].
Now we describe the notation employed. Let I = {Ii }1≤i≤n be an interval
model, i.e., a family of open intervals over the real line. For Ii ∈ I, write Ii =
(si , ti ) and call extremes to si and ti , while si is the beginning point and ti is the
ending point. The extremes (resp. beginning points and ending points) of I are
those of all the intervals Ii ∈ I. We will always assume that s1 < s2 < . . . < sn .
Observe that if I is proper then also t1 < t2 < . . . < tn . A segment (e1 , e2 )
is an interval of the real line defined by two consecutive extremes e1 , e2 of I,
which are called the left and right extremes of the segment, respectively. An
s-sequence is a maximal sequence of consecutive beginning points containing
no ending points. Similarly, a t-sequence is a maximal sequence of consecutive

ending points containing no beggining points. The leftmost s-sequence and
the rightmost t-sequence are the outer sequences while the other sequences are
the inner sequences. A beginning (resp. an ending) point is inner if it belongs
to an inner sequence and it is separated if the extreme that is immediately to
its left (resp. right) is an ending (resp. a beginning) point.

2

Corneil et al. algorithm

Let I = {Ii }1≤i≤n be a proper interval model of a connected graph G. The
algorithm by Corneil et al. uses a special breath-first search tree of G, where
the root vertex corresponds to I1 . Such a tree can be constructed from I as
follows. For i = 2, . . . , n, let P REV (Ii ) be the interval whose ending point
appears first from si . Let T be an ordered tree with vertices v1 , . . . , vn such
that
(i) vi is the parent of vj if and only if Ii = P REV (Ij ) and
(ii) if vi and vj are siblings then vi appears before vj if and only if i < j.
A unit interval model can be computed from T in a simple manner. For
1 ≤ i ≤ n, define ai = nli + ki and bi = ai + n, where li is the level of vi in
T and ki is the postition of vi is a postorder traversal of T . Then, the model
I 0 = {(ai , bi ) | 1 ≤ i ≤ n} is a UIG model of G [3].
It is not hard to compute all the values of P REV in O(n) time. Therefore,
Corneil et al. algorithm runs in O(n) time and space.
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Another Proof of the “Proper = Unit” Theorem

Let I = {Ii }1≤i≤n be a proper interval model of a connected graph G. The
algorithm below includes new intervals into I, constructing an extended model
I 0 containing I and such that all the inner extremes of I 0 are separated.
Separation algorithm.
1. Let I 0 = I.
2. While there are non-separated inner ending points in I 0 do the following.
Let ti be the leftmost of such ending points and sj be the beginning point
immediately preceding ti . Insert in I 0 a new interval (s, t), placing s immediately after ti , and placing t immediately after tj .
3. While there are non-separated inner beginning points in I 0 do the following.
Let si be the rightmost of such beginning points and tj be the ending

point immediately succeding si . Insert in I 0 a new interval (s, t), placing t
immediately before si−1 , and placing s immediately before sj .
It can be proved that the above algorithm finishes and that I 0 is a proper
interval model. The separated model can be used to obtain a unit interval
model for graph G as follows from our new proof of Roberts’ Theorem.
Theorem 3.1 ([7]) Every proper interval graph admits a unit interval model.
Proof. Let I be a proper interval model and apply the separation procedure
to obtain a proper interval model I 0 ⊇ I in where every inner extreme is
separated. Let I u = {Iiu }1≤i≤l where Iiu = (2i − 1, 2(i + k)) and k is number
of intervals that intersect the leftmost interval of I 0 . In [5] it is proved that
I u is a unit interval model with the same intersection graph as I 0 . Then the
submodel of I u induced by the intervals corresponding to I is a unit interval
model of the intersection graph of I.
2

4

Our Algorithm

Let I = {Ii }1≤i≤n be a proper interval model of a graph G and let I 0 be the
output of the Separation Algorithm when applied to I. It can be proved that
there are at most 2n extremes of I 0 \ I between consecutive extremes of I.
Therefore, any algorithm for constructing I 0 would require O(n2 ) steps, which
precludes an O(n) time algorithm — our initial goal. However, we do not have
to construct I 0 explicitly. We need to find just the submodel of I 0 induced by
the extremes of I, which of course has 2n extremes.
Denote by `(e) the length of the segment of I, whose left extreme is e 6= tn .
Also, let r(e) be number of extremes of I 0 that belong to the segment of I,
having e as its left extreme. We can determine precisely the unit model, by
finding appropiate values for `. With this purpose, we compute the r(e) values
for every extreme e, since we know that by setting `(e) := r(e) + 1 we obtain
a unit interval model as in Theorem 3.1. The algorithm below computes the
values of r and ` by simulating the Separation Procedure.
Proper to Unit Transformation.
Preprocesing. Define `(e) := 1 and r(e) := 0, for every extreme e of I,
except tn . For an extreme e, denote by e− and e+ the extreme of I lying
immediately at the left and right of e, respectively.
Stage 1. Traverse I from left to right, disregarding the beginning points. Let
ti be the current ending point, and sj the closest beginning point at the left

of ti . Compute `(ti ) := `(ti ) + 2r(ti ). If ti is an inner extreme then also
compute r(tj ) := r(tj ) + r(ti ), and additionally if t+
i is an ending point then
add one to both `(ti ) and r(tj ).
Stage 2. Traverse I, as obtained from Stage 1, from right to left, disregarding
the ending points. Let si be the current beginning point and tj the closest
−
−
ending point at the right of si . Compute `(s−
i ) := `(si ) + 2r(si ). If si is an
−
−
inner extreme then also compute r(s−
j ) := r(sj ) + r(si ), and additionally
−
−
if si is a beginning point then add one to both `(si ) and r(s−
j ).
At termination, the unit model is given by the lengths `(ek ) of the segments. There is no difficulty to slightly modify the algorithm, so as to obtain
the actual positions of all extremes, during Stage 2. The time and space required by the algorithm is clearly O(n), while the length of the largest segment
of the unit model is less than 2n.
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A

Appendix

In this appendix we prove that the Separation Algorithm finishes after inserting at most O(n2 ) arcs, and that it outputs a separated proper interval model.
We assume from now on that all graphs are connected.

Correctness of the Separation Algorithm
Theorem A.1 Let G be a proper interval graph. Then G is an induced subgraph of a graph H, admitting a proper interval model in which all inner
extremes are separated.
Proof. Let I be a proper interval model of G. Perform the Separation Algorithm and let I 0 ⊇ I be the obtained model. By induction, we show that
all inner extremes of I 0 are separated. We start by discussing the effects of
Step 2. We prove first that this step in fact terminates. Let ti be be the leftmost non-separated inner ending point, (s, t) be the newly inserted interval,
and sj be the beginning point preceding ti . Examine tj and suppose first that
tj is an outer ending point. Then t is also an outer ending point and Step 2
will not separate tj nor t. Then after the examination of ti , the number of
ending points still to be examined decreased by one. Next, discuss the alternative where tj is an inner ending point. Then t is also so. Consequently, the
number of ending points which we need still to examine remained unchanged.
However, the new ending point t is closer to the leftmost outer ending point of
I 0 , in the sense that there are less t-sequences between the one that contains
t and the outer t-sequence. Therefore Step 2 terminates.
Next, examine the actual effect of inserting (s, t). Clearly, ti becomes
separated, because s immediately follows it. Consequently, s is also separated.
Furthermore. because the inclusion of t does not affect separated beginning
points, we conclude that no newly non-separated beginning points have been
created for separating ti . Consequently, at the end of Step 2, all the ending
points are separated, all the beginning points of the intervals inserted during
Step 2 are also separated, while the separated beginning points of I have been
preserved. Moreover, (s, t) can not contain nor be contained in any other
interval (sk , tk ) of I 0 , otherwise (sj , tj ) would also contain or be contained in
(sk , tk ), contradicting the model to be proper before the inclusion of (s, t).
Step 3 takes as input the model generated by Step 2 and transforms it into
the final model I 0 . The proof of its correctness is similar. We can conclude
that after termination of Step 3, I is included in a proper interval model I 0 ,
which has all its inner extremes separated. Then G is an induced subgraph of

the intersection graph H of I 0 , proving the theorem.
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The size of the separated model
Classify the segments (e1 , e2 ) of a model into four types, according to the
nature of e1 and e2 . If e1 , e2 are both beginning points (resp. ending points)
then the segment is of type s-s (resp. t-t), while if e1 is a beginning (resp.
ending) point and e2 is an ending (resp. beginning) point then the segment is
of type s-t (t-s).
Theorem A.2 Let I be a proper interval model and I 0 the model obtained
from I after applying the Separation Algorithm. Then in I 0 , there are less
than 2n extremes of I 0 \ I between any two consecutive extremes of I.
Proof. Consider first the effects of Step 2 in the Separation Algorithm. Let It
be the set of intervals included in I by Step 2. Recall that this step iteratively
considers non-singleton t-sequences T in the model and separates these ending
points by including |T | − 1 new intervals. We attach a label to each ending
point of I ∪ It , as follows. The ending points ti ∈ I are assigned the label i.
Further, following the progress of the Step 2, whenever a new interval (s, t)
is included for the purpose of separating an ending point having label i, from
its predecessor in the model, the new ending point t also gets the label i.
Clearly, there can be several ending points in the model sharing the same
label. However, in any t-sequence all the ending points have distinct labels.
Consequently, the size of any t-sequence at any stage of the algorithm is less
than n. On the other hand, every non-singleton t-sequence T is separated
by including one new beginning point of It between every consecutive pair of
ending points of T . Consequently, T is transformed into a sequence of size
2|T | − 1, in which the ending points and beginning points alternate. All but
one of these extremes may perhaps belong to It , but they are preceded and
followed by a beginning point of I. Consequently, in I ∪ It there are less than
2n extremes of It between any two extremes of I. More precisely, less than i
ending points of It have been included in the segment of I whose left extreme
is ti . Furthermore, all extremes of It have been included in segments of I of
types t-t or t-s.
Next, we apply Step 3 to the model I ∪It . Denote by Is the set of intervals
introduced in the model by Step 3. That is, the final model is I 0 = I ∪ It ∪ Is .
We know that Step 2 separates all ending points, while preserving the already
separated beginning points, and neither increasing the size nor creating new
non-trivial s-sequences. Consequently, Steps 2 and 3 are independent. Furthermore, in I 0 there can be no three consecutive extremes, such that the first

and the third belong to It and the second belongs to Is , or vice versa. So,
similarly as above, we can conclude that in I 0 there are less than 2n extremes
of Is between any two consecutive extremes of I. More precisely, less than
n − i beginning points of Is have been introduced in the segment of I whose
right extreme is si . Furthermore, all extremes of Is have been included in
segments of I of types s-s or t-s.
Finally, we examine the total number of extremes of It ∪ Is which have
been introduced in a segment z of I, according to the type of z. If z is an
s-s type segment, less than 2n extremes of Is and zero extremes of It have
been introduced. Similarly, if z is of type t-t then zero extremes of Is and less
than 2n extremes of It have been introduced. In an s-t type segment of I
no extremes of It ∪ Is can be included at all. It remains to examine the case
when z is a t-s segment. Let ti and sj be the left and right extremes of z,
respectively. We know that less than i ending points of It and less than n − j
beginning points of Is have been included in z. That is, less than 2(i + n − j)
extremes of Is ∪It . However, we also know that i < j, because si must precede
ti . Consequently, there are less than 2n extremes of I 0 \ I = It ∪ Is between
any two consecutive extremes of I.
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